ORTHOGONAL SYSTEMS OF HYPERSURFACES
IN A GENERAL RIEMANN SPACE*

BY

LUTHER PFAHLER EISENHART

1. Introduction. Consider a general Riemann space of » dimensions and
write its fundamental quadratic form thus,

(1) ds’ = g, da* da (9; =gt

If a; are the components of any other covariant symmetric tensor of the
second order, and g, is a root of the equation

@ lays+egrs| = 0,

the functions 45 (r =1, ..., n), defined by

(3) (“'rs + Oh grs) )'Irz =0 y

are the contravariant components of a vector in the space.

By hypothesis the form (1) is positive definite and consequently the roots
of (2) are real. If all the roots are simple, equations (3) define uniquely »
directions at a point. Thus if 1, and A; are the components of the vectors
corresponding to distinct roots ¢, and ¢,, it follows from (3) that

(4) Grs l;'; li: = 0,

that is, the corresponding directions are orthogonal. Moreover, if g, is a mul-
tiple root of order m,f equations (3) admit solutions linearly expressible in
terms of m solutions.§ If we take m of these directions which are mutually
orthogonal, and proceed in like manner with every multiple root, we have at

* Presented to the Society, April 28, 1923.
1 Here i and j are summed from 1 to # in accordance with the convention now generally
in use. This convention will be used throughout this paper.
} We exclude the case where m = n, that is, when a,, + pg,, = 0.
§ Weierstrass, Monatsberichte der Akademie zu Berlin, 1858, p. 207.
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each point of space n directions mutually orthogonal. They are the principal
directions determined by the tensor «,;. These directions determine n con-
gruences of curves in the space, any congruence being defined analytically by

daxt dax
5) = .. = —,
®) i v

It is the purpose of this paper to determine conditions necessary and suf-
ficient that the curves of each congruence be orthogonal to a family of hyper-
surfaces, Vn—1. In this case, there pass through a curve Cj, of the congruence
defined by (5), » — 1 hypersurfaces respectively orthogonal to the congruences
Cx(k=1,...,n; k¥h). When these hypersurfaces are taken as parametric,
the functions 9y (i $7) in (1) are equal to zero, and the space possesses an
n-uple orthogonal system of hypersurfaces. In this case we say that the
n-uple of congruences is normal.

When the roots of (2) are simple or double the conditions are readily ob-
tained, but for roots of third and higher order the conditions are quite involved.
However, in each case the problem is reduced to an algebraic one.

2. General equations. Without loss of generality, we assume that the
functions 4% are chosen so that

(6) Grs An )-i = 1,

As given by (3) these functions are the contravariant components of the
direction. Their covariant components are given by

(7) }'h,r = Grp lﬂ-

If A,./s denote the components of the tensor which is the covariant derivative
of An,» with respect to (1), the functions Y1 defined by

(8) Vhij = )'g )'; 2'h,'r/.ar,

are invariants; they are called rotations by Ricci and Levi-Civita.*
From (8) it follows that

3

1...9
(9) )'h,r/s = 2 )’h,;,- lz’,r a'j.s-

UWJ

*Mathematische Annalen, vol. 54 (1901), p. 148; Wright, Invariants of Quadratic
Differential Forms, Cambridge Tract, No. 9, p. 68.
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If we denote by ¢¥ the cofactor of g; in the determinant

(10) g = |-qv|
divided by g, we may replace (7) by
(11) 1{ - gpr )'h,r-

Taking the covariant derivative of (11) and making use of (9), we have
1...n
P __ ?
(12) }'h/s - g 7h1;i }'i J-j,s’
since the covariant derivatives of g;; and ¢g¥ are zero. Hence

(13) Tg = bip ki Mg

From (4), (6) and (11) we have

(14) gy = Onk,
where
(15) O = 1 for h = k, and O for A ¥ k.

Differentiating (14) with respect to 2*, multiplying by A7 and summing for s,
we have, in consequence of (9), (12) and (14),

(16) )’m+3’w=0 (h)k’l=1""7”)’
and consequently

17 7hhl=0 (h,1=1, ..., n).

Ricci* has shown that the conditions of integrability of equations (9) may
be written in the form

(18) 7hi,kl = qu,st )';Is ;': l; }':’

* Loc. cit., p. 157; Wright, p. 76.
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where By st are the components of the Riemann tensor, that is

8 Iy oIy
Burst = g ( PR

12 18— 12, 13),
(19)

. 395
p __ Jgs| _ pa( Yqa Jsa  Bgys )
Fes {pf LU R v a )

ox
and by definition

Omx _ O%na
ds 08,

1...n
(20) Vhijw = + 12 [YM; (rjkl—rﬂk) +7jhl Vi ™ ¥jnx fju];

it being understood that for any function f the expression 9f/3s, means

oy of
(21) —8—37 = ax"‘ lz"’

From (18), (19) and (20) it follows that

(22) Yhihk = Ve = " Thie T Vi, hit

3. Simple roots. The results of the preceding section hold for any ortho-
gonal n-uple. We apply them in this section to the n-uple determined by (3).
Since (4) is satisfied, whether the functions 45 and A; correspond to different
simple roots of (2), or to the same multiple root if such exist, we have from (3)

(23) g =0 (hk=1,...,n h k$).
Also from (3) we have
(24) Cys l;» li = —0h,

in consequence of (6).
If we differentiate (23) with respect to z*, we get, in consequence of (12),

1...n
(25) @y Mg, et arsg(;'; Vhij x5 Aot L, Vi i L =0,

where @, is the covariant derivative of «,, with respect to af. Because
of (23), (24) and (16) this is reducible to

1...n
(26) Xyt l;l lli + JZ(eh_ek) ¥ hij lj,t, = 0,
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Multiplying by l; and summing for ¢, we get
(27) r.s’t }';; )'i li + (eh—gk) ”hkl =0 (h Zi: k).

Ricci* has shown that a necessary and suthcient condition that an ortho-
gonal n-uple be normal is that

(28) Vg = 0 (hykytl =1, ..., n; bk, 1 4).

Hence from (27) we have the theorem:

If all the roots of equation (2) are simple, a necessary and syfficient con-
dition that the n-uple defined by (3) be mormal is that the functions Ay satisfy
the conditions

(29) st by M M = 0 by 0 =1, ..., n3h, k, 1 4).
From (20) and (28) it follows that for a normal n-uple
(30) r;,i,k; =0 (h, Z k’ l*);

and consequently the functions 47 of a normal n-uple satisfy
(31) Byt M 4545 4 = 0 (hy i, dey 1),

4. Double roots. Normal congruences in 3-space. We consider
next the case when one of the roots of equation (2) is of order m. We denote
by Af (i =1, ..., m) the contravariant components of m mutually ortho-
gonal directions corresponding to this root and by i; (e =m -1, ..., n)
the components corresponding to the other roots, it being understood that if
there are one, or more, other multiple roots, the congruences corresponding to
this root be taken orthogonal to one another. Consequently (4) and (6) hold.

The contravariant components 4;” (i =1, ..., m) of any other orthogonal
congruences corresponding to the multiple root of order m are given by

1...m

(32) L= 2 e G=1,...,myr=1,...,n),

?
a

* Loc. cit., p. 151; Wright, p. 70.
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where the #'s are any functions of the z’s subject to the conditions
1...m
(33) 2 =y,
a

the &’s being defined by (15). We denote by y,,, the rotations for this set of
vectors, and seek under what conditions a set of functions ¢ can be found so that

(34) 7;',”:0 (h=1,"°7m;i’j=1’“’)n;h)i’j:‘:)'

Fori,j=m+1,...,n (i ¥7) we have from (13) and (32)

sl...m ) 1...m

' Y4 P —_

Thi = tip 4 ») (t: l“”—l—lag t:) =24 Vaiy
a a

1...m
Hence we must have 2 ty yayy = 0. Since these equations must be satisfied
a

by h =1, ..., m, we must have y,, = 0.

Fori=m-+1,...,n;5=1,..., m we must have in like manner
1...m

(35) Zptztj’rm=0 (hyj=1,.cc,mhdj;i=m+1,...,n).
a,

Holding j fixed and varying %, we get in consequence of (33)

1...m 1...m
; t;"lip ; t;rmiﬂ

& oo ¢

From these equations and the above results we find that we must have

(36) 7h‘y'=0 (h=1"-'7m;i=m+1»"°’”;j=1)”'9”; h)i}j*),
and
37 Yeaa = Ve (e=m+1,...,n;e,i=1,...,m).

In consequence of (16) we have from (36) also

(38) 7y =0 (h=m+1,..,n5i=1L...,m;j=1...ym; hyi, 7 ¥).
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From the foregoing discussion it follows conversely that if (36), (37) and (38)
are satisfied by any set of mutually orthogonal congruences corresponding to
a root of order m, they are satisfied by every such set. From (27) it follows
that (37) is equivalent to

(39) g M (A, —22) =0 (e=m+1,...,n; e,i=1,...,m).

Consider next the case where (34) are satisfied when %,i = 1,...,m;
j=m+1,...,m;7%j5. Now

1...m
' 3
Ty =2 & ‘;f?’apj+'53—(t7.)]-
a8 j

In consequence of (16) and (33) we have identically

1...m

2 t‘,’,[t;‘:rapj-l-%(t’,’,)] = 0.

a,p

From this equation and those obtained by equating to zero the right-hand
member of the above equation, we have

) 1...m .
(40) ”é?(tl;,,)=2t;7paj (ﬂ,h=1,...,m;]=m+1,...,n).
i a

Suppose that the given space is of the third order; that equation (2) admits
a double root; that equations(29) and (39) are satisfied and that 45 (»r = 1,2,3)
are the components of the vector corresponding to the simple root of (2).
By a transformation of codrdinates we can take the surfaces orthogonal to
this congruence for the surfaces zs = const. Then 43 =123 =0, A3 = 1/V g, .
If we put

1 . .
ti = cos@, # = sin@, ;5 — —sind, f = cosd,

equations (33) are satisfied, and in place of (40) we have the single equation
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for the determination of 9, and consequently of the two normal congruences
corresponding to the double root. Hence:

A necessary and sufficient condition that the equations (3) for a 3-space, for
which (2) admits a double root, lead to a triple of mormal congruences is that
equations (29) and (39) be satisfied by the direction corresponding to the simple
root and by any set of mutually orthogonal directions corresponding to the
double root.

If the space is of higher order than the third, the conditions of integrability
of (40) must be considered. These conditions are expressible in the form*

9

(41) -
st s

a 1...n a ‘/ o
(5—3—;8—% )f+72(7,jk'-rrkj)5§—0.
Applying this condition to equations (40), we obtain, in consequence of (36),
(38) and (20),

1...m
(42) 2t Vg = 0.
a

Since equations of this form must be hold for =1, ..., m, we must have
43) Yapju = 0 (e, 8=1,....,m;j5,k=m-+1,...,n).

We have seen in (30) that this condition must be satisfied by the functions
y,’“;,. of a normal congruence. From (32) we have

.M

(44) Yopju = B > Yan g fa toe

1
Tq 1'r 48 9t
qr,st )'a )'ﬁ )'.i }'k -

a

Hence if (43) is satisfied by any set of congruences corresponding to a mul-
tiple root, it is satisfied by every such set.

The conditions (36), (37), (38) and (40) are the only ones applying to a double
root of equation (2). Hence:

If the roots of equation (2) are simple and double at most, a necessary and
sufficient condition that there exist a normal n-uple whose components satisfy (3)

* Ricci and Levi-Civita, p. 160; Wright, p. 69.
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is that any orthogonal n-uple satisfying (8) shall satisfy (29), in which h and k
do not refer to the same root of (2), (39), and also the equations

(45) B, A2 0 2 =0 (@, 8,75, k%),
i which e« and B refer to the same double root, and j and k to any other root
or roots.

5. Multiple roots of third and higher orders. If m > 2, we must
consider also the case of equations (34) for h, 4,5 =1, ..., m;h, 4,5 F.
Now we must have

1...m

0 .. ..
(46) 2 tgt}'[tg;',pa—l——ég—t:]:O (hyi,g=1,...,m;h,%,5%).
a

a,p, 0

Since this equation is satisfied identically for ¢ = %, equations (46) hold for
i=1, ..., m,but < F 4, and consequently (46) may be replaced by

1...m
0

where 4y, is to be determined. Since this equation must be satisfied by all
values-of j except %, it may be replaced by

a 1...m
?.St;ti + g tz Yapa_Ah 6«,0 = Bp t:’

where By is to be determmed Multlplymg this equation by # and summing
for B, we find that 4, = — 2 By ¢, and the above equation becomes

0

'5'_ = Zt (7g0a—9ag By +B 04a) (¢, 8,h =1, ..., m).

We have now to consider the consistency of these equations and (40). How-
ever, both sets of equations may be written

.m

a —_— .
@ L) =St BA B (o 5Z 1)
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‘When we apply conditions of mteg'rablhty of the form (41) to these equations,
we get equations of the form 2 t Aggae = 0, where 4,4, is the left-hand

member of (48). Since equatlons of this form hold for 2 = 1, ..., m it
follows that we must have

mtl....,n 1...m
7p¢r,ae+ ; (?’/Jke Yiaa =~ ¥ pka }’ko'e)+ (Jcp ada_—aaﬂ 6ae) Z B%

to,, 22 1 5T B (0,8,
8) 0 [ 2+ 3B (v 8, B)]

aB 1...m
age [8—S‘¢f+ 12 Bi ()’ipa—aia Bp)]

9B 1...m
+6pe[ asd"" 12 B, (Yioa—Oia Ba)] =0,

forg, e =1,...,m;a,e=1, ..., n; afe.
For B, g, «, e all different, equation (48) becomes, in consequence of (36)
and (38),

(49) Yso,ae = 0 (Byo=1,...,mya,e=1,...,n;8,0,a,ef).

If wetake o = «; 8, @, e+ or g = a; 0, o, e ¥, we obtain from (48)
equations of the form

9B,
aSe

1...m .
= ; B, (rﬁ'ie+6ie Bp)—<7ﬂa,ae+ ; 6k¢)’pkk)’kaa
(50)

If we take ¢ = B, equation (48) vanishes identically.
If we take 0 = &, 8 = ¢, or 0 = ¢, § = «, we get an equation of
the form

9B, , 9B,

65';

B2 + 2 B [7’m+7ma+B]+7ea,ae
(51) m+1...n
— ; Y ke Ykaa = 0 (e¢ye=1, ..., m; &, ef).
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From (50) and (37) it follows that we must have
(52) Vgijie — Ypa,ae (e, 8,i=1,....m;e=1,...,m; o, B, i et).

If this equation is written in the form y,; ,, = Yea,as it follows that from (20),

(36), (37) and (38) this equation is satisfied 1dent1cally fore =m+1,.
In consequence of (37) and (52) we put for the sake of brevity

Yoo = Vgiie TV pee Veii
(63) Bi,e=1,...,m;e=m+1,....,n; 8,7, ¥)
Yea = Vi ia

and write equations (50) in the form
BB,, 1”;\"' .
(54) 8 = 2, B"(?'m'e+ JieBp)—)’pe(ﬂ,z =1,...,m; e=1,...,n;8e¥).
(4 ()

When we apply to (54) conditions of integrability of the form (41), we obtain

.m

123 [)’m ae+6w Vpa— za Vet ?'ﬂae(fipp—-riaa)—fpea (Yiﬂ,n—"riee)

m+1l...n mil...n
+0;4 B, Ypae 0, B, rpea+ 2 Vgke Viia ™ ¥ cka 71a¢]
k¥a k¥e

s m

9 B; '
(65) +,2[_—8s; (Bie ¥ piq— 91 ¥ +B; Bp( Z.f((;ja Viie— e Via) t Viae ™7 iea)]

J

B ..m 1...m
+ (¥ pae™ 7 ea) (__L-~B‘-’) + B, ( Z Oie Via— 2 Oiq 7@)
p ita ife

87‘” rpa

+F + 2 rpje rJa 2 7ﬂm )’Ie +2 ka(rkea rkae) 0'
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For ¢, e = m-1,...,n we have from (55), in consequence of (36), (38)
and (49),

m+1..

97,
pge
Ta. rJa ng,a rle_l— ; rﬂk (rkea rkae) = 0

(56)

Fore =1,...,m; e=m-+1,...,n we have, in consequence of (36),
(37), (38) and (53),

07 ge 87 ..m 1...n
pa
s, 27»% Vja ™ Zrﬂja 7je+k% Yo (Thoa ™ Vi)

3Bﬂ Bz 3Ba B2 1...m
+7ﬂ“‘[a_sﬂ— a 08, + a+t2Bi(7ipﬂ—7iaa)]—Bp7aeA+~B~aBp7eaa=0'

By means of (51) this is reducible to

ark arpa 1...m 1...m 1...n
3_3,',_ os, +j§z7m37ja— ; Y,cja?'je“" %Yﬂk(fkea_rkae)

(67
+7ﬂae(7ia, ai rip,pi) _Bp ?’ae+ Bp B, Yeaa = 0.

In like manner for @, e =1, ..., m, we have

e e S e 3 tart
s, 05, + TajeVia™ & Yhjatie + &, T (Ykea — Vkae)
(58)

+rpae (rea.ae—rep'pe) — Ypea (rae,ea - 7ap,pa) = 0.

6. Reduced form of conditions (56), (57) and (58). From (18)
we have

(59) rpi, e B qr, st }'z ;': l: )':’
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and by differentiation we have for « different from 8, 7 and e

1.0
] q a7 28 ot -
0s, Viijie = qu,stp AyhiA;h, dg + Z,: [fﬁ,fe Yﬂja+7;y.ie Vija

(60)

i=1..
+ 74i,je Viia t i3 Veja (ﬁ ) B a e+

Bianchi has established the following identity:*
(61) Bgr,stp + Bar,tps + Br,pst = 0.
Making use of (61) and the well known identities

(62) By, st = — Byr,ts = — Byq, st
we obtain

0 0 _ q 97 D t a8
84 7,01',1'0_—_3:;7/“',50 - qu,plalﬂ 1’1‘ Aa )'e li

(63) + LZ;_'I”[r jivie Via T (g, e Vi, jo) Vija— Viisia 7 e
— (g, ia ™t 71, ja) Vije (Tjae — Vjea) 741,
Since 8, ¢, «, ¢ are different, we have from (49)
Yoiae = By oM 47 25 A, = 0,

Differentiate with respect to 2°, multiply by 4/ and sum for s; we get

1...n
7 AP st
qu,pts a‘fx ":" 4q le ":'l' JZ [sz‘,ae Ypﬁ‘l' ij,aci’gi"' Vi, je 7aji+ Vi, aj 745] = 0.

* Lezions, vol. 1, p. 851.
19

271

.m; a6 = 1,...,%;).
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Hence in consequence of (49) we obtain

0 0

08,

Viiie 9% Yeiia = ¥pai (na,ae - J’ip,pc) + ¥ gei (7i6,pa — Yie,ea)
+ )'aii(}'pa,ae — ¥, ie)+ Veii (Yﬁi,ia - Ype,ea)'l' Veia ¥ ge e

1...m
(64) -+ 4:2 Viijie Vija + Vg pe Ysia Vaiyie (Ypaa — 7pee) T ¥ aie ¥pa,ai
ita

1...m

1...n
o
- % Viicia ¥gje — Vig, pa rp,-e-l'JZ: (fjae_ 7jea) Vei,ij
Jj

e

m+tl...n
+hi:2 ¥ ok, ae Vkﬁ""?’/sa,ie Viaa — ¥ ge,ia ¥Viee:
:+a,e

For a,e =m+1,...,n,ete, and B,7=1,...,m, 8+ ¢, we have
from (20), in consequence of (36), (37) and (38),

9 1...m
'aTa Voee — 3’pe.ca+ JZ ija7j¢e+)’aee(7paa_7’pee)’

3 m--1...n

65) 08, Yeii = Yeiyia — Veii Vaii T Yaei (Vige — Viaa) — kZ Vicea Vit

Vea,ie = ¥aei (rﬂee_ Ypaa)y

Vek,ae = ¥kae (J’pkk_i’ﬂaa) T Vkea (Vpkk—)’pee)
(k=m+1,...,n;a,e,k¥).
By means of these results, equations (64) and (53), defining the function yg,
we find that (56) is reducible to

(66) 7eiirﬂa_raiirp¢=0 (ﬁ’i=ls""m;aye=”1+]:'°-7n)-

Fore,B8,i=1, ..., m;e=m-+1, ..., n we have from (20) in con-
sequence of (36), (37) and (38),
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oy .
pee
a J
(67) 57’ .. m+l...n
as‘:l = Yeijia ™ ; Yiea ¥Viiis

Vakyae = Yiea (¥ gee — ¥ gitt) k=m+1, ..., n;k+e).

By means of these results, equations (64) and (53), we find that (57) is redu-
cible to

(68) Yeii Vpa—Bp?’ae‘l'BpBa Yoy = 0 (a:;i':;:-ll’, '...'.,,'r':;)'
Fore,B8,e=1, ..., m; «, 8, e ¥ we have

ayﬂe . a"ﬂa,ac - B 1q )'r ls ).t 1p+12m
dsa  0sg wmep fhfafafefaT Ly Tie Vg

(69)
1...m
+ J%e Vg rejl+rea,ae rpea+rﬂa,ap Vepa®

Substituting in (58), we get

(10) Byry (R Aa B MR — M A 22 =0 (P26 0™)

7. Consistency of equations (50) and (51). If we take the three
equations of the form (51) involving three distinct indices &, 8 and i, we obtain

BB,; .m
e = B, — Z(Brm—i-%B)

(1)

m+1l...n

1
+ ¥ (Yia,ai = Vig.pi Y ap,0a) + 9 ; Viiie

Expressing the consistency of this equation and (50) for e = m+1, ..., n
by means of equations of the form (41), we reduce the resulting equations to
the form

19¢
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1 3 mAL 07 i
'é'a_s;(?'ia,ai""rip,m Yap,pa)+ + Z ¥kii 381 + 2 Viag ¥je

1...m m+1l...n
(72) +7m7ﬂ¢+2.’27m'erjp+ - Vieg Yig™ ﬂ’ﬂe

+ [ B g 3B i rnn—ransd + 3] =0

From the equation

7ia,ai = qu st )'3 la la )'z’
we find
Waw _p wrpiried
28 — Tgretp i Ta Ta %i Ve 5 (7jaraje+7jirﬁ¢)
(73)
+2rai,ie 7aee+2yia,ac ¥iee*
In like manner we have
arpi,ie @ a7 18 4t D 1...n
ass B o 2 4 A A By — ; Viiyie Vigp™ ¥Vip,pe ¥igo

(74)

m+1.‘..n
+ Vi io yeps T % Viyik Yen*

Hence making use of (20), we find

oy )
pe . q 97 28 3t I
5 — 25 Tonie T Ve i) = By by %5 4 2. 4y
1...m m+i...n
(75) _— ; 7j¢ }'jpp"" ; (ka Veng ™ Vi, ie rkpp)+7pi,ip Vens

aya‘i m+l...n
+7ﬂe¢7po',ic+7cii (7p¢,eﬂ— 35 "73,,—72,“— ; mekm)-
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Substituting in (72), we obtain

m+l...n

_Bp Ve + kz Viii [_Ym Vi T Yeri (yikk_yi“)]

m+1...n

1 1...m 1
+ 73,'5 (ype,ep—yei,ie) "I" yﬂi,iﬂ yeii+ Yeii [BZ'_—2— ; Bj"" ? ; Yii,;
(76)

+ 11‘(7’:‘«1,«:;“" Yip,pi—yap,pa)] + qu,stp VZ ;’: '2': 2: J’fc’
+ §(AF A A AE—AF A5 A5 A— A% A5 25 %) 4] = o.

In consequence of (61) and (62) we have

(1) By, 4y M 2 A5 A0 =B, . (AL 27 25 & a5 4282525 4% 22).

1 Tt T e e

From (52) and (74) it follows that

Bor,stp (33 27 45 26 25 — 23 2% 2% 2¢ 43)

(78) mtl...n
= ; (Y,g,k—)’ka,a,))’mp'i'fd; (rpa‘ap_rpi'ip)'

From (20) it follows that
(719 Viiie ™ Vra,ae = J’da(fm—fim)_)’m(faw_rqu) (e k).
Substituting in (76) from (77), (78), (79) and similar expressions we have

1 1...m
Yeii [Bi T2 ; B} — % iz, Vigups — Vap,ga)

(80)
1 m+l...n

—3 ; erdi]—B,rm=0.
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mtl...n
In arriving at this result we made use of the fact that 2 ki VgV goe™— ?’pkk) =0,
&
For if e and % belong to different roots of (2), then Vg = 0 and if to the
same root the expression in parenthesis vanishes, in consequence of equations
analogous to (37). Hence (76) reduces to (80).
When we express the consistency of (71) and

aB 1...m
(81) 8—.9:= JZ_Bjija+BaBp_yap (e=1,...,m;e,83%),
we obtain
1 3 m+l...n 37’” oy .
2 Bs, (Yiayas — Yig.pi — Yag,p) + kii 83; + asap

...m

1 1...m
Yoo Vin,ai = Vig,0) + J.#Za Vigg Vi T J.%; (Vjag = 27j0a) Y4 = O-

Proceeding as in the case of (72), we obtain
Byy,otp (Af A Aoy 43 4 — AF 253 2 5 A% — A Ay Aoy A A+ 225 27 43 A% 45) = 0.
In consequence of (61) and (62) we have
Boy,sip 4 &g A 4 A% = By iy (A5 47 45 A 28 4 49 4 45 24 A7),

Hence the preceding equation becomes

Borp (M A A5 45 2 — A7 A 43 2 22
(82)

— Ay A A AR 428X A A B =0.

8. Particular solutions of the problem. If the functions 7, = 0, for
i=1,...,m; e=m+1,..., n, that is, if

(83) gt A A Ak = 0 (i=1,...,m;e=m+1,...,n),
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it follows from (67) that

(84) Yaiie = 0 (e,i=1,...,m; e=m+1,...,n),

and from (53) that y,,= 0. Hence the conditions (66), (68) and (80) are satis-
fied identically. The conditions (49) may be written

(85) By, s 45 47 X° A=0 (Bi=1,....m; ae=1,....n; 8,4, e%f).
In addition to (84) equations (52) for m >3 lead to conditions of the form
(86) 'BQ":S‘t (AZ 'ul 12 Z:—Z,(ll‘ 2’7 '17 '?':) =0 (ﬁ) a?iyj = 17 coey MG )8) a)""j_“:)'

In addition we have (70) and (82). Conversely, if equations (83) are satisfied,
we have y,, = 0 fors=1,...,m; e =m—+1,...,n. Hence:

When the solutions of (3) satisfy equations (29), (39), and in addition sets of
equations of the forms (70), (82), (83), (85) and (86) for each multiple root of the
third or higher order of equations (2), there exists a normal n-uple in the space.

Equations (50) and (51) are satisfied by B, =0 (¢« = 1, ..., m), if

Ype=0 B=1..,me=1,..,n; 8 e¥),
(87)

m+l...n

Yap,pa < Y = 0.

Conversely, it follows from (68) that if equations (87) are satisfied and y,,5 0
for any e = m—+1, ..., n, then the only solutions of (50) and (51) are B,= 0.
From (24) and (27) we have

G Ay 45 At e, (2 4 — 2 43) 7, = O,

rsit g e e

t
EE R, (B A~ &)y = 0.

ars/t

By means of equations of this form and (53) equations (87) are expressible in
terms of a,s, its first covariant derivative, By, ¢ and 4’s. Hence:
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When the solutions of (3) satisfy (29), (39), (49) and equations of the
Jorm (87) for each multiple root of (2) of the third or higher order, there exists
a mormal n-uple in the space.

If y,, = 0, 7,,+ 0, for a particular « = 1, ..., m and a particular
e=m+1,...,n,from (66) and (68), on the assumption that all of the B’s
are different from zero, it follows that we must have

(88) Yee = 0 (e=1,...,m;e=m+1,...,n),
(89) B,B+y,=0 (¢, 8=1,...,m; e, 8F).

Operating on (89) with 62, fore=m-1, ..., n and making use of (54),
we obtain

Vsae (Ba—BY) —2§‘m7aj Ve _:;Z'Z’ypj Yaje T 38% =0

From (57) we have also

— Z’:ﬂ -I—IJ ;;nya,- rm-l—ljgyg, Yaje T Voae Via,a ™ Vig, i) — 2Veis Yoa = O-
From these equations it follows that
(90) Voae (Ba— B+ Vig ai— Vigp1) — 2 Veit Yoa = O-

Subtracting from (80) the equation obtained by interchanging ¢ and g in this
equation, we obtain

Yeii (Bza—Biz'+ yia,ai_yiﬁ,ﬂi) = 0.

From this equation and (90), it follows that y,, = 0, which is inconsistent
with (89).

9. General solution. We consider finally the general case when (88)
is not satisfied. If in conformity with (66) we put

(91) Ve = Y0 (Byi=1,...,m;e=m+1,...,n),
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equation (68) becomes
(92) Yea — By0,+ B, B, = 0.

Interchange « and 8 and subtract; then

(93) B, = B, 2,
%
and (92) may be replaced by
g,
(94) B,—o,B,+ -ofym = 0.

From equations of this form it follows that ypa/aa = 7,,,./ o; and consequently
(95) O Vg = Og Vg = O ¥as

Moreover, from (91) and (95) we obtain

(96) Ypa Vi = Voi Yae = Vai Vge (a,8,2=1,...,mye=m—+1,...,n).

Equation (80) is reducible by means of (91) and (94) to

m+l...n

(97) ; B}"i'(yia,ai—')’iﬂ,pi_}'ap,ﬁa) + 2’; Yiﬁ"l"y_a:e' Yap = 0.

Interchanging « and 8 in these equations and subtracting, we obtain

Y Y
yia, ai” Yip,pi + ( —fe __‘_‘i_) 7ap =0
Yae 7,;,
(98)

(e, B, =1,...,m;e=m+1, ..., n).

Hence (97) reduces to

1...m ype Yae m+l...n
,2‘ Bf"?’aﬁ,pa"‘ (7“:’*‘ )7ap+ ; 7:," = 0.

¥ e

20
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By means of equations of the form (94) this is reducible to

1...m m+1l...n 9 1...m 7je
JZ Ve B = Yezi[Yaﬂ,ﬁa_ ; Vii ‘|‘j g Voo 7’ja]’

and this in turn is reducible, by means of equations of the form (93), to

1...m m+l...n 1...m
(99) Ba JZ '}’;T)e = yeii[ (yap,pa_ ; yiii) Vae +j:t§pyje Yja]'

As a consequence we must have
1...m 1...m
(7aﬂ,pa — Vai, ia) Yae =. 2.'}3‘6 Yja . 2 yjc 7ja = 7/33 ‘yﬂa'—yu Yias
JF¥a,i J¥a,p

which because of (96) is equivalent to an equation of the form (98).

When the expressions for B,(e = 1, ..., m) from (99) are substituted
in (54), (71) and (94), we obtain the set of conditions to be satisfied in addition
to those previously found, and thus the problem is reduced to an algebraic
one. Recapitulating we have:

1If the solutions of (3) satisfy (29), and for each multiple root equations of
the form (39), (66), (70), (82), (85), (86), (96), (98) and the equations resulting
Jrom the substitution of the functions B, given by (99) in (54), (11) and (94),
the space admits a normal n-uple.

From the manner in which these conditions were derived it is clear that
while all of them are necessary, they are not necessarily independent. How-
ever, they are necessary and sufficient to determine whether the space
possesses a normal n-uple.

PRINCETON UNIVERSITY,
PRINCETON, N. J.

Note added in proof. In considering the particular solutions in § 8,1 omitted the
possibility of one or more of the B’s being zero, but not all of them. For B, = 0, we have
from (68) 7, rm“Bp 7.=0 B =1, ..., m; e=m+1, ..., n) and from (54)
1...m

2 B; 74— 71e=0 (¢ = 1,...,n). When the expression for By from the first is sub-

(3
stituted in the second, we obtain one set of conditions, and when substituted in (51) and
(54) the others to be added to (29), (39), (66), (70), (85) and (86).



